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Abstract

The high volatility observed in financial markets during the last
crisis prompted renewed interest in designing truly diversified portfo-
lios. One of the most interesting approach proposed by recent litera-
ture is the Equally-weighted Risk Contribution strategy (Maillard et
al., 2009), usually implemented with standard deviation as risk mea-
sure: our paper extends this approach introducing expected short-
fall. The expected shortfall risk contributions are computed through
a non-parametric approach which aims to reduce the estimation error
generated by the historical sample applying a bootstrap resampling
procedure. The ex-post performance analysis also accounts for realis-
tic transaction costs. We find superiority of the ERC portfolios, with
better Sharpe ratio along with asymmetric performance metrics.

Keywords: Equal Risk Contribution, Risk Parity, Expected Shortfall,
Bootstrap, Portfolio Construction.

1 Introduction

In the last years financial markets have been characterized by high volatility
and the issue regarding how to create truly diversified portfolios is presented
as a challenging problem to be solved. Markowitz in 1952 [14] proposed the
Mean Variance model to choose an optimal mix of securities and achieve
a trade-off between risk and return. Some drawbacks make this strategy
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not commonly used in practice. Mistakes in estimating the returns and the
variance-covariance matrix, inputs in the optimization problem, can alter
the performance of the portfolios and erode the gains of the strategy ﬂ

An alternative approach is the Equally Weighted strategy (De Miguel in [9]),
also EW, consisting in equally splitting the wealth among different securitues.
The EW portfolios outperform many other quantitative complicated models
with higher Sharpe Ratio and Certainty Equivalent return for several em-
pirical datasets. The downside is an unbalanced portfolio in terms of risk.
Consider an equally weighted portfolio in bond and stock: the assets have
the same weight in the portfolio but the equity component bears a higher
risk than the bond component. In conclusion, the EW model provides di-
versification only in terms of capital.

In 2009 Maillard, Roncalli and Teiletche [15] presented the Equally-weighted
Risk Contribution strategy, also Risk Parity or ERC. Each portfolio com-
ponent contributes to the same extent to the overall risk, resulting in a
portfolio truly diversified in terms of risk. The most difficult choice consists
in selecting the proper risk measure to assess the risk contributions. Many
authors have used the standard deviation, such as Maillard et al. in 2009
[15], Linzmeier in 2011 [13] and Stefanovits in 2010 [20], defining the stan-
dard deviation risk contribution of asset ¢ as the share of portfolio’s overall
risk attributable to that component. The risk contribution can be defined
also as a combination of both the performance contribution and the standard
deviation risk contribution of each asset (Roncalli [19]).

From a theoretical point of view the necessary condition that a risk measure
has to satisfy is the linear homogeneity in the weights: only in this case the
total risk of the portfolio can be fully decomposed into different components.
The standard deviation as well as the expected shortfall (ES) satisfy this
requirement. Stefanovits in [20] and Colucci in [§] implemented the ERC
strategy with the latter one. Unlike the standard deviation, the ES is an
asymmetrical and coherent (Artzner et al. [4]) risk measure and it does not
require any assumptions on the probability distribution of asset returns. The
approach of Stefanovits has been considered as starting point of this paper
with the introduction of the bootstrap to generate estimates less related to
the market trends.

The rest of the article is organized as follows. After a brief review of the
literature about the Equally-weighted Risk Contribution strategy in section

2For further details, see De Miguel V. et al., 2009, Optimal Versus Naive Diversification:
How Inefficient is the 1/N Portfolio Strategy?, The Review of Financial Studies, 22 , No.
5, 1915-1953.



[2], section [3] describes the methodology to estimate the risk contributions
and to define the ERC portfolios. Section [4] presents the empirical results of
the analysis. The ERC portfolios are constructed by using twelve different
financial instruments from 01/01/1999 to 31/12/2011 and the descriptive
statistics are compared with the ones of the EW. Finally, a summary of the
paper with the main highlights and some further observations is provided.

2 Review of the literature

Maillard et al. in [I5] provided for the first time in the literature the idea of
Equally-weighted Risk Contribution (ERC) allocation, defining the standard
deviation risk contribution of each asset in the portfolio as the share of the
portfolio standard deviation attributable to each component. The results
of the backtest show lower performance of the Equally Weighted portfo-
liosﬂ than the ERC ones, while Minimum Variance portfoliosﬁ present higher
Sharpe Ratios but higher drawdowns in the short-run. Similar results are ob-
tained by Linzmeier in [I3] and Stefanovits in [20]. One of latest researches
about Risk Parity (Roncalli [19]) has defined the standard deviation risk
contribution of asset i as the weighted average of its return contribution and
its risk contribution. The suggested definition of risk contribution is flexible
enough to encompass the use of alternative risk measures as the expected
shortfall.

The literature offers several variants to the original approach of Maillard et
al. [15], mainly regarding the possibility of computing the contributions with
asymmetric risk measures. From a theoretical point of view the necessary
condition that a risk measure has to satisfy is the linear homogeneity in the
weights. In this case, the total risk of the portfolio can be fully decomposed
into different components. Stefanovits in [20] proves that in the particular
case of multivariate normal distribution with 0-mean and unit variance, it is
possible to derive the partial derivative of the F.S with respect to the weight.
Worthy of attention is the proposal of Colucci [8] to simplify the construc-
tion of the ERC portfolios by exploiting the convexity property of expected
shortfall. The risk of the portfolio is almost equal to its maximum risk and
the absolute contribution to the maximum risk is the product between the
allocation in each asset and its expected shortfall.

3For further details, see De Miguel V., Garlappi L. and Uppal R., 2009, Optimal
Versus Naive Diversification: How Inefficient is the 1/N Portfolio Strategy?, The Review
of Financial Studies, 22, No. 5, 1915-1953.

4 Markowitz H., 1952, Portfolio selection, Journal of Finance, 7, 77-91.



Regarding the problem of estimating the risk contributions, and in particu-
lar the ES risk contributions, suggestions from the literature involve either
simulation by Monte Carlo method as suggested by Muromachi in [16], es-
timation using historical data as suggested by Stefanovits in|20] or with the
Filtered Bootstrap approach as Colucci in [§] to capture the not-Gaussian
distribution of the risk factors.

3 Equally weighted shortfall contributions

Consider a portfolio of N risky assets with vector of weights w and identify
with p(w) the total risk of the portfolio. The Equally-weighted Risk Contri-
bution strategy aims to construct portfolios such that the risk contribution
of each asset to the total risk of the portfolio is the sameﬂ ie.

sp(w) _ dp(w)
) w; - ) wy
fori =1,...,N and j = 1,..., N. The risk contribution is defined as
the product of weight in asset ¢ times the first derivative of the portfolio risk
with respect to the weight allocated in asset . The ERC criterion can be
applied with any kind of risk measure that satisfies the necessary condition
of linear—homogeneityﬁ in the weights. Moreover, the risk contributions must
be additive in order to sum up to the total risk of the portfolio.
Most of the literature has chosen the standard deviation for the implemen-
tation. One of its main drawbacks is the underlying hypothesis of Gaussian
distribution of returns. Due to the empirical evidence which rejects this as-
sumption, the use of tail-risk measures, and in particular of the expected
shortfall (ES), turns out to be a reasonable choice. The ES of a portfolio
is a measure of the expected portfolio return at each quantile of its distribu-
tion.
Let Y be the profit (or loss) of a portfolio on a particular time horizon T" and
let o € (0,1) be the confidence level. Assuming E [Y ~|<oo, the tail-mean
at level « is defined as[]

RC?!(w) = w;

— RC?(w) (1)

Yo =TM)(Y) =a  (E[Y1ly<y,] + (g — P[Y < ya])) (2)

®Stefanovits D., 2010, Equal Contributions to Risk and Portfolio Construction, Master
Thesis, ETH Zurich.

SFor further details about the definition of homogeneity, see Tasche D., 2000, Condi-
tional Expectation as Quantile Derivative, Department of Mathematics, TU-Munchen.

"The definition is originally proposed by Acerbi et al. in [I] and [Z]; they also provide
a proof to demonstrate the sub-additivity property of the expected shortfall.



The expected shortfall (ES) at level « is

The sensitivity to small changes in the confidence level of the tail-risk
measures could be a problem because of the not continuity in the confidence
level. On the contrary, the ES does not suffer any consequences due to
these changes and, if correctly estimated, it represents an important and
useful tool in the evaluation of the risk with no restrictions of applicability.
After having chosen the most appropriate risk measure for the implementa-
tion of the Risk Parity, we consider both the problem of making the first order
derivatives of the expected shortfall and computing the partial derivatives.
Some specific assumptions on the distribution of the asset returns must be
verified to guarantee the existence of the partial derivativesﬂ Under these
hypotheses, the expected shortfall evaluated at a certain confidence level «
is partially differentiable with partial derivatives given by ﬂ

SES(a)

5wz~

(4)

where R; is the return of asset i and ¢,(Y") is the quantile of the distri-

bution of Y at the confidence level a. Stefanovits in [20] proves that, in case
Y —w'p

Vuw'Sw ’

w’YXw the variance of the distribution, the expected shortfall is

of a multivariate normal distribution where w’p is the mean and

ES(w)=—-E[Y | Y <VaR,)(Y)]
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8 For simplicity, it is supposed that all these assumptions are satisfied.

9For mathematical details see Tasche D., 1999, Conditional Expectation as Quantile
Derivative,Department of Mathematics, TU-Munchen and Tasche D., 2000, Risk contri-
bution and performance measurement, Department of Mathematics, TU-Munchen. The
author, after having introduced the necessary assumptions for making the quantile function
partially differentiable, provided a list of possible situations in which they are satisfied.
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and its partial derivatives can be computed as

0ES@),  (Bw); _ ,
dw; W —méf’@ N) — pa (6)

The risk contribution of asset i to the expected shortfall of a portfolio is
defined as

1
RC (w) = —wi—{E [Ril{w r<quw'r) ] (7)

+FE [Ri w' R = qa(w'R)] (a = P [w'R < go(w'R)])
where the vector R contains the asset returns and w the portfolio weights,
with s = 1,..., N. In case of a continuous profit distribution it simplifies to
ROF% (w) = —w;E [R; | w'R < VaRg(w)] (8)

where VaR,(w) is the Value-at-Risk of the portfolio at the confidence
level .
Once the estimator for is available, it is possible to compute the risk
contributions of the expected shortfall. Approaches for assessing the ES
risk contributions consist in either simulation by either Monte Carlo method
or other methods as suggested by Muromachi in [I6], estimation with the
Filtered Bootstrap approach as Colucci in [§] or using historical data as
proposed by Stefanovits in [20]. In this context, the latter approach is fol-
lowed, combined with the use of bootstrap. Dealing with the time series of
returns, the high dependence of the estimates on the market trends could
imply distorted results. The bootstrap approach allows to overcome this
problem reducing the impact of estimation errors. The starting vector of
portfolio weights used at this stage is equally-weighted since a sensitivity
analysis has confirmed the stability of the results obtained in this way. The
portfolio returns are sorted and, on the basis of these sorted returns, also the
simulated returns of the individual assets in the portfolios are sorted. The
ES risk contributions are computed by summing the first an values of the
sorted simulated returns of the individual component, where « is the confi-
dence level and n is the total number of simulated returns, and multiplying

the sum by (—ﬁ) The output is a vector containing the contribution of

each asset in the portfolio to the total risk. In order to construct an ERC
portfolio, each of these contributions must be equal and a SQP (Sequential



] Equity ‘ Fixed Income ‘ Short-term Interest Rate ‘ Commodity ‘

S&P 500 10 Y USA Euribor 3-Months Crude oil
Euro STOXX 50 | 5 Y USA Fed Funds Rate Gold
2Y USA
10 Y DE
5Y DE
2Y DE

Table 1: Portfolio components.

Quadratic Programming) algorithm is used to find the optimal solution. The
objective function in the optimization is

N N
flw) =73 > (RO (w) — ROP® (w))? 9)

i=1 j=1

where NN is the total number of assets in the portfolio. The aim consists
in minimizing the square difference between the expected shortfall’s risk
contribution of asset ¢ and the expected shortfall’s risk contribution of asset
J times the weights in the respective assets. The implementation of the ERC
strategy is done using Matlab 7.5.0 with function fmincon which seeks to
minimize the above function under some specific constraints, in particular the
impossibility of short selling and the possibility to have leveraged positions.

4 Empirical study

The investable universe of th ERC strategy consists of four asset calsses
(Equity, Fixed Income, Short-term Interest Rate and Commodity), each di-
vided into sub-classes as showed in Table [I, With the purpose of achieving
a higher liquidity and flexibility of the simulated portfolios, only exchange-
traded futures are considered in the implementation. The futures contracts
are treated daily and they are characterized by a high liquidity, involving
low transaction costﬂ Moreover, it is not necessary to actually invest the
whole amount of money the investor wants to allocate because the operations
in futures are characterized by the margin system. According to this pro-
ceeding, the subscriber must deposit only a percentage of the total invested
amount, called margin, by means of a clearing member as a guarantee at

10For this reason, transaction costs are assumed to generate a proportional cost of one
basis point.



Ann. Ret. Comp. Ret. Ann. Std. Dev. Sharpe Ratio Ann. Turnover Max DD Ann. Down. Vol.

EW 100% lev. 3.67% 54.02% 4.74% 0.7736 2.41% -18.18% 2.99%
ERC 150% lev. 3.80% 56.49% 2.78% 1.3672 49.57% -4.73% 1.28%

Table 2: Descriptive statistics for the Equally Weighted portfolios with no
leveraged positions and the Equally-weighted Risk Contribution portfolios
with leveraged positions at level 150% (annualized return, compounded
return, annualized standard deviation, Sharpe ratio, average annualized
turnover, maximum drawdown and annualized downside volatility).

Ann. Ret. Comp. Ret. Ann. Std. Dev. Sharpe Ratio Max DD Ann. Down. Vol.

EW 100% lev. 3.66% 53.97% 4.74% 0.7729 -18.18% 3.00%
ERC 150% lev. 3.74% 53.39% 2.778% 1.3452 -4.74% 1.29%

Table 3: Net descriptive statistics for the Equally Weighted portfolios with
no leveraged positions and the Equally-weighted Risk Contribution portfolios
with leveraged positions at level 150%.

maturity. The difference between the total amount and the margin amount
remains in the investor’s portfolio and it can be allocated, for example, in
a risk-free asset. In this research no further allocations are made; anyway,
if an adjunctive investment in a risk-free asset were made, it would enhance
the returns of the strategies. Finally, a strategy which invests in futures is
defined to be partially funded and it is not necessary to borrow money to
leverage the portfolio position.
The sample period goes from 01,/01/1999 to 31/12/2011 with weekly prices,
for a total of 676 historical observations. The backtests are built by using a
rolling-window of two years and by rebalancing the portfolios every twenty
working day:;{ﬂ The Equally Weighted strategy has been used as benchmark
for the performance of the ERC. The EW portfolio permits to diversify the
portfolio by equally splitting the total wealth among all the securities pro-
viding a diversification in terms of capital. The performance results of the
EW obtained without imposing any level of leverage is set as either a target
return or a target risk and then a certain level of leverage is introduced in
the optimization process to allow the ERC portfolios to match respectively
either the same performance or the same risk. The cost of leverage is not
considered in the analysis.

Table [2| reports the statistics of the EW portfolios when no leverage is
imposed and the ERC portfolios with 150% leverage. Despite the similar per-

"Since the portfolios are rebalanced with a frequency of 20 working days, the last
portfolio is computed at 18/12/2011.
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Figure 1: Gross cumulative returns of the Equally Weighted strategy, by
imposing constraints on leveraged positions, and the Equally-weighted risk
Contribution strategy with a level of leverage of 150%.

formance, the analysis of the annualized standard deviation, the maximum
drawdown and the annualized downside volatility demonstrates a lower risk
of the ERC portfolios. The standard deviation falls from 4.74% to 2.78%, the
maximum drawdown plummets from -18.18% to -4.73% and the annualized
downside volatility shows lower concentration of negative returns in the left
tail, from 2.99% to 1.28%. Due to the lower standard deviation of the ERC
portfolios, the Sharpe ratio is much higher, almost twice. The analysis has
been repeated considering the transaction costs since the monthly rebalanc-
ing of the ERC strategy involves high turnover. As shown in Table [3| the
annualized return is slightly affected as well as the other descriptive statistics.
Although both the Sharpe ratios display a reduction, the difference among
the two strategies remains meaningful in terms of risk-adjusted performance.
Figure [1] plots the performance in terms of compounded return of both
the EW strategy without applying any leverage and the ERC strategy allow-
ing for 150% leverage. Even without analyzing the descriptive statistics and
only looking at the graph, it is immediate to capture the higher volatility of
the 1/N strategy with respect to the risk-balanced one. Figure 2| and Fig-
ure [3] display the distributions of the monthly returns. If it is assumed that
both the distributions have zero-mean, the ERC strategy avoids the extreme
negative results of the EW strategy since its returns are more shifted toward
the right side of the distribution.
When the annualized standard deviation of the EW strategy is chosen as
target risk, it is necessary to impose a leverage of 250% to enable the ERC
strategy to reach similar riskiness. Table [4] presents the descriptive statistics



Ann. Ret. Comp. Ret. Ann. Std. Dev. Sharpe Ratio Ann. Turnover Max DD Ann. Down. Vol.

EW 100% lev. 3.67% 54.02% 4.74% 0.7736 2.41% -18.18% 2.99%
ERC 250% lev. 5.48% 89.70% 4.84% 1.1315 99.11% -9.12% 2.34%

Table 4: Descriptive statistics for the Equally Weighted portfolios with no
leveraged positions and the Equally-weighted Risk Contribution portfolios
with leveraged positions at level 250% (annualized return, compounded
return, annualized standard deviation, Sharpe ratio, annualized average
turnover, maximum drawdown and annualized downside volatility).

of both the strategies: the annualized return of the Risk Parity portfolios is
5.48% compared to the 3.67% of the 1/N and the maximum drawdown and
the annualized downside volatility are respectively -9.12% and 2.34%, rather
than -18.18% and 2.99%. The ERC strategy outperforms on a risk- adjusted
basis the EW strategy, displaying a Sharpe ratio of 1.1315. Due to the high
turnover, the analysis has been repeated considering also the impact of the
transaction costs: the annualized standard deviation, the annualized down-
side volatility and the maximum drawdown remain invariant with respect
to the previous case and, despite a lower Sharpe ratio, the risk-balanced
portfolios continue to confirm their superiority as shown in Table 5 Even
if the ERC strategy with leverage 250% has an average turnover of 99.11%,
it is able to get better net results and, in particular, the Sharpe ratio are
respectively 1.1056 and 0.7729.
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Figure 2: Distribution of the monthly returns of the Equally Weighted port-
folios without leverage.
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Figure 3: Distribution of the monthly returns of the Equally-weighted Risk
Contribution portfolios with 150% leverage.

Ann. Ret. Comp. Ret. Ann. Std. Dev. Sharpe Ratio Max DD Ann. Down. Vol.

EW 100% lev. 3.66% 53.97% 4.74% 0.7729 -18.18% 3.00%
ERC 250% lev. 5.36% 89.05% 4.84% 1.1056 -9.07% 2.35%

Table 5: Net descriptive statistics for the Equally Weighted portfolios with
no leveraged positions and the Equally-weighted Risk Contribution portfolios
with leveraged positions at level 250%.

Figure [4] compares the performance of the two strategies, while the dis-
tributions of the weekly returns, respectively of the EW strategy without
leveraged positions and the ERC strategy with 250% leveraged positions,
are plotted in Figure [5] and Figure [6} the Risky Parity portfolios are not
characterized by the extreme negative observations of the EW portfolios
and, moreover, their returns are much more concentrated on the right side
of the distribution.

In Figure [7] are plotted the weights of the ERC strategy implemented
with 150% leverage clustered in four asset classes, i.e Equity, Fixed Income,
Short Term Interest Rate and Commodity. By definition the Risk Parity
approach allows to increase the investment in less risky assets to the detri-
ment of the allocation in riskier ones. In particular, the optimal allocation
to equity has become zero in periods of high distress (2008-2009). In these
periods the portfolios did not suffer the main drawbacks which in contrary
led the EW portfolios to significant portfolio losses. The majority of the
portfolio remains invested in Fixed Income, while lower exposure to Equity

11
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Figure 4: Gross cumulative returns of the Equally Weighted strategy impos-
ing constraints on leveraged positions and the Equally-weighted rick Contri-
bution strategy with a level of leverage of 250%.
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Figure 5: Distribution of the monthly returns of the Equally Weighted port-
folios without leverage.
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Figure 6: Distribution of the monthly returns of the Equally-weighted Risk
Contribution portfolios with 250% leverage.
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Figure 7: Evolution of the optimal weights over time of the ERC portfolios
with 150% leverage.

and Commodity. In Figure [8| are plotted the weights of the ERC strategy
implemented with 250% leverage clustered in the same asset classes, show-
ing similar characteristics observed for the 150% case with a slightly higher
variability.

The difference in the maximum drawdown and the downside volatility be-
tween the ERC and the EW portfolios in both the proposed case is coherent
with the choice of the expected shortfall as risk measure, which focuses on

13
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Figure 8: Evolution of the optimal weights over time of the ERC portfolios
with 250% leverage.

the left side of the return distribution. Therefore, the ES has been a good
alternative to the standard deviation because it is able to provide a more
suitable measure of the potential negative events. Finally, worthy of atten-
tion is the computation of the turnover of the EW strategy: since Maillard
in [I5] and Stefanovits in [20] have set the turnover of the EW strategy
equal to zero, even if the portfolios are rebalanced with constant frequency,
their results are inconsistent with the values of the turnover found in this
contest. If the turnover were zero, it would mean that the weights before
each rebalancing date have remained unchanged with respect to the begin-
ning of the period and that the asset returns during each single period are
unchanged; this turnover would not take into account the changes on the
financial markets and it would assume invariant weights of the asset classes
overall the period, whatever is happening on the markets. On the contrary,
in this analysis the turnover has been computed by considering also these
further aspects to provide more realistic results: during each month, the
returns of the securities change and consequently, at the end of the month,
the portfolios are no longer equally weighted.

14



5 Conclusions

This paper focuses the attention on comparing two asset allocation strategies
based on opposite ideas, the capital allocation and the risk allocation: the
first one is represented by the Equally Weighted strategy while the second
one by the Equally-weighted Risk Contributions strategy. The EW is a naive
strategy which consists of splitting equally the wealth among all the available
asset classes. On the contrary, the ERC strategy aims to equalize the risk
contributions of all the securities to control the total risk of the portfolio.
The implementation of the ERC strategy is much more challenging than the
EW’s one as it involves both the choice of a risk measure and the estimation
of the risk contributions. Regarding the risk measure, we choose the Ex-
pected Shortfall, considered more efficient on assessing the riskiness of the
portfolios in presence of kurtosis and skewness of the returns. The approach
for estimating the risk contributions is the one proposed by Stefanovits in
[20] improved with the introduction of the bootstrap. Since the risk contri-
butions are computed on the basis of the simulated returns, they are less
affected by historical market trends.

In the empirical simulations the ERC and the EW strategy are compared
by setting the annualized return and the annualized standard deviation of
the EW portfolios as target return and target risk. In both cases the risk-
balanced portfolios have outperformed in terms of Sharpe ratio, annualized
volatility and maximum drawdown, but displaying higher turnover. These
results are confirmed even considering transaction costs.

The choice of an asymmetrical risk measure seems to be effective as the
downside volatility and the maximum drawdown of the ERC portfolios are
always lower than the EW ones.

An important contribution of this research to the previous literature consists
in the analysis of the net ERC performance which makes the analysis more
complete.

Some suggested cues for further analysis consist of comparing directly the
approach of Colucci in [§] and Stefanovits in [20] to the one proposed in this
setting and to analyze how much better bootstrap turn out to be ex post.
Moreover, it could be interesting to compare the results of the implementa-
tion both using the standard deviation and the expected shortfall.
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